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Abstract. Based on a more reasonable simulation method for dealing with the Λ-parameter characterizing
the pole form for the form factor (the Fourier transform of the instanton zero mode), and a unified way
for regularizing the integrals appearing in the expressions of the light-cone photon wave functions, the
transverse photon wave function φγ⊥(u, P

2) at the leading twist with the on-shell or off-shell momentum
have been re-examined in the effective low-energy theory derived from the instanton vacuum, and the

twist-two parts of the other two photon wave functions, h
(s),twist two

γ‖ (u, P 2) and h
(t),twist two

γ‖ (u, P 2), with

odd chirality are calculated based on the Wandzura-Wilczek–like relations as well. A brief discussion of
the dependence of the coupling f⊥

γ (P 2) and the light-cone photon wave functions with respect to P 2 and
the end-point behavior of the photon wave functions are given.

PACS. 11.15.Tk Other nonperturbative techniques – 12.38.Lg Other nonperturbative calculations –
11.55.Hx Sum rules – 14.70.Bh Photons

1 Introduction

The concept of the hadron light-cone wave functions dis-
tribution amplitude (momentum fractions of partons in a
particular meson state) becomes more and more impor-
tant since it has been firstly introduced by Brodsky and
Lepage [1]. According to this concept, the effects of the
underlying QCD non-perturbative dynamics are well pa-
rameterized, and proven to be very useful in the exclusive
hard scattering processes [2–4]. The notion of light-cone
wave functions also appears in the method of QCD light-
cone sum rules [5] as the basic non-perturbative objects.
The photon light-cone wave functions have the essential
role, for instance, in the amplitudes for radiative hyperon
decays [6], and in the power-suppressed contributions to
the scattering processes of a real photon and a virtual one,
such as γ∗γ → π0 [7], and to the deeply virtual Compton
scattering [8,9].

For the pion light-cone wave function, the predicted
near-asymptotic form is consistent with the analysis of
the transition form factor of γ∗γ → π0 [7] and the corre-
sponding measurements by the CLEO Collaboration [10];
about the photon one, however, little is known at present
from experiment even at leading twist. Theoretically, its
asymptotic form is fixed by the approximate conformal in-
variance of QCD for large virtuality [11]. An estimate to
the asymptotic form is attempted by using the QCD sum
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rules [6], but the corresponding higher moments could not
be estimated in this approach with sufficiently accuracy.
As stated in ref. [12], there has been increasing evidence
indicating that the conventional QCD sum rule estimates
of corrections to asymptotic distribution amplitude of the
photon at low scales are not reliable, so that the existing
evidence in favor of the asymptotic form of the photon
distribution amplitude at small virtuality of order 1GeV
is only qualitative. A discussion of the photon wave func-
tions was also made in the constituent quark model for
photon-meson transition form factors [13]. For the on-shell
photon distribution amplitudes up to and including twist-
four for both chirality-conserving and chirality-violating
operators, a systematic classification of the two and three-
particle photon wave functions is developed based on the
background field formalism [12].

Nowadays, the effects of the virtual photon re-
ceive more attention due to its importance for deeply
virtual Compton scattering and hard-meson produc-
tion [8,9,14,15]. The off-shell forward parton distributions
also appear in the factorization of the Compton ampli-
tude in the deeply virtual domain. If one is interested in
considering the corresponding correlation functions of the
light-cone operators with the electromagnetic current also
at space-like momentum transfer (P 2 < 0) or at the time-
like one (P 2 > 0), then the off-shell photon wave functions
should be taken into account.

A calculation of the photon wave functions from first
principles requires a theory or a model of non-perturbative
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effects giving rise to a hadron structure. We choose to
work in the instanton vacuum model of QCD [16]. The
picture of QCD vacuum as a dilute medium of instantons
leads to the formation of the gluon condensates [17,18] and
of the topological susceptibility needed to cure the U(1)
paradox [19,20]. The instanton vacuum also explains the
most important non-perturbative phenomenon of hadron
structure, namely the chiral symmetry breaking. Quarks
interact with the fermion zero modes of the individual
instantons in the medium, and leads to the formation of a
chiral condensate. If one restricts oneself to the low-energy
strong interaction, the instanton vacuum model of QCD
leads to a low-energy effective theory of quarks with a
dynamical quark mass which drops to zero at Euclidian
momenta of the order of the inverse average instanton size,
ρ̄−1 ' 600MeV [21].

The twist decomposition of the matrix elements for
the off-shell photon parallels that for the rho meson with
only one difference in isospin components [22,23], there-
fore, the Lorentz decomposition of the photon distribution
amplitudes may be directly read off from the case of the
rho meson [24]. However, this conclusion needs a concrete
confirmation because the equation of motion is modified
by the existence of the photon, and one may expect the ap-
pearance of some inessential new features. In our previous
work [25], the Lorentz decomposition of the on- and off-
shell light-cone photon distribution amplitudes is carried
out up to twist four, the resultant classification of the two-
particle wave functions is really similar to the rho meson
with only a tiny difference in the definition of the scalar
coupling, namely the denominator in the second term of
the r.h.s. of eq. (16) in [25] is P 2 for the case of the virtual
photon instead of µ2 in the case of the rho meson. It should
be noticed that a very important feature automatically
arises in our formalism of the on- and off-shell photon wave
functions, namely, when the photon momentum becomes
on-shell, only the physical couplings, i.e., the coupling of
the transverse light-cone photon wave function of twist
two, φγ⊥(u, P

2), to the tensor quark-antiquark non-local
operator, and the coupling of the transverse light-cone

wave function of twist two plus twist three, g
(a)
γ⊥(u, P

2), to
the axial quark-antiquark non-local operator, survive to be
non-vanishing. All other photon wave functions, such as

h
(t)
γ‖(u, P

2), hγ3(u, P
2), h

(s)
γ‖ (u, P

2), φγ‖(u, P
2), g

(v)
γ⊥(u, P

2)

and gγ3(u, P
2) defined in [25], are automatically decoupled

from the corresponding quark-antiquark non-local opera-
tors. This feature of the on- and off-shell light-cone pho-
ton wave functions is welcome in our present understand-
ing and practicing of the real and virtual photons. More-
over, based on the Lorentz decomposition of the light-cone
photon distribution amplitudes, the Wandzura-Wilczek–
like relations associated with the transverse photon wave
function are derived in a way similar to the rho meson,
and the twist-two parts of the two photon wave functions,

h
(s),twist two
γ‖ (u, P 2) and h

(t),twist two
γ‖ (u, P 2), are calculated

besides the calculation of the leading-twist transverse pho-
ton wave functions with odd chirality, φγ⊥(u, P

2).

In this work, we re-examine both space-like and time-
like off-shell (including on-shell) photon wave function cor-
responding to the chiral-odd operator with the Dirac ma-
trix σµν , and study further all the possible off-shell chiral-
odd photon wave functions which can be calculated from
the leading-twist result. Unlike in our previous work [25],
the parameter, Λ, which characterizes the pole formula for
the instanton form factor F (k), is determined not by im-
posing the normalization condition for the photon wave
functions as done in ref. [26], but by the requirement that
the value of Λ should be adjusted so that the pole form
with definite integer n and this value of Λ reproduces well
the theoretic form factor derived from the instanton model
of QCD vacuum. The key observation for us to use this
method to determine Λ is that the form factor F (k) is, in
fact, an intrinsic effective object in the low-energy theory,
and should be independent of any hadron or photon wave
functions.

In ref. [25], the integral appearing in the expres-
sions of the transverse light-cone photon wave function,
φγ⊥(u, P

2), and its coupling to the corresponding cur-
rent, fγ⊥(P

2), is carried out over the whole momentum
region from zero to infinity, but the momentum squared
P 2 higher than some value lies out of the validity range of
the low-energy effective theory. We note here that the so-
called low energy in the low-energy effective theory is in
fact related to the momentum squared P 2 according to the
Lorentz invariance of the action in the dynamical theory,
this means that only the transverse momentum squared in
the light-cone frame should be confined in the low-energy
region. To be consistent with the underlying effective dy-
namics, we should perform the integration for the trans-
verse momentum over the finite range from zero to some
upper bound T (T 2 = vΛ2), and let the dependence of
the correlation function on this upper bound T (above T )
be governed by the Brodsky-Lepage evolution equation
which can be calculated in perturbative QCD [27]; while
the wave function at a certain low-energy scale provides
a necessary non-perturbative input for a complete QCD
investigation. Furthermore, in the case of the longitudi-
nal photon light-cone wave function [28], the similar in-
tegral turns out to be ultraviolet logarithmic divergent if
the transverse momentum of the quark or the antiquark
is unbounded, and if the form factor F (k) serves to be
the only ultraviolet cutoff. This logarithmic divergent in-
tegral for the transverse momentum should be dropped in
the low-energy effective theory of QCD, and may be reg-
ularized by introducing a usual cutoff T . The same kind
of integrals calculated from the same underlying effective
theory should be treated at the same footing. This idea
encourages us to use the latter as a unified way to deal
with such integrals in the low-energy theory regardless of
the integral being ultraviolet convergent or divergent.

Moreover, we have found that the choice of T for T be-
ing greater than some value has no significant influence on
both the shapes and the values of the transverse photon
wave function, because such kind of influences contributes,
in a similar way, to both the numerator and the denom-
inator of the r.h.s. of the resultant expression, eq. (22)
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(see below), for the transverse photon wave function, and
then strongly cancels. This key observation stimulates us
to assume that the physical wave function is independent
of this artificially introduced upper bound as it should be.
Proceeding in this way, we have found that the above as-
sumption can be realized provided the values of the cutoff
T or v belong to the allowed regions. In the same spirit, we
may demand that the physical coupling constant, f⊥γ (P 2),
should be independent of the artificial values of n. This
constraint may be used to fix the possible value of T for
definite n. In fact, such possible values of (n, T ) really ex-
ist within the above allowed regions. We note here that
with these obtained values of the cutoff T for different n,
not only the coupling f⊥γ (P 2) remains to be unchanged,

but also the wave functions φγ⊥(u, P
2), h

(s)
γ‖ (u, P

2) and

h
(t)
γ‖(u, P

2) are less affected by a change of n.

The paper is organized as follows: We describe the def-
initions of the light-cone photon wave functions which are
needed in our calculation with all notations being given
in [25] in sect. 2. In sect. 3, two sum rules for calculating
φγ⊥(u, P

2) within the low-energy effective theory of QCD,
and the coupling constant, f⊥γ (P 2), of the non-local quark-
antiquark tensor current to the photon are derived. Before
the numerical calculation, the values for (n,Λ) are deter-
mined from the requirement that both the physical wave
function and its coupling to the corresponding current are
insensitive to the choice of (n,Λ). Section 5 is devoted to
the numerical simulation of φγ⊥(u, P

2) and its coupling
f⊥γ (P 2). In addition, the twist-two parts of the other two

light-cone photon wave functions, h
(s),twist two
γ‖ (u, P 2) and

h
(t),twist two
γ‖ (u, P 2) with odd chirality are calculated based

on the Wandzura-Wilczek–like relations as well. Finally,
the conclusions are given, and the behavior of the resul-
tant photon wave functions and the coupling constant,
f⊥γ (P 2), are discussed. Moreover, to be clearer, a verifica-
tion of the validity of the Wandzura-Wilczek–like relations
in the photon case is presented as an appendix.

2 Definition of the chirality-violating photon

wave functions

Now turn to the light-cone photon distribution amplitude.
With the light-cone kinematics and notations described
in ref. [23], the matrix element between the one-photon
state and the vacuum is extracted from the correlation
function of the light-ray operator with the electromagnetic
current. As stated in ref. [25], the on- and off-shell light-
cone photon distribution amplitude, namely the matrix
element of a gauge invariant and the flavor-singlet quark-
antiquark non-local operator between the vacuum and the
one-photon state [29], can be expressed as

〈0|ψ̄(z)Γ [z,−z]ψ(−z)|γ(P, λ)〉 ≡

i

∫

d4xe(λ)ν e−iP ·x

×〈0|T
{

ψ̄(z)Γ [z,−z]ψ(−z)jνem(x)
}

|0〉, (1)

where a photon state is characterized by the momentum,

P , and the polarization vector e
(λ)
ν , z is a light-like separa-

tion between the quark and antiquark locations, Γ a Dirac
Γ -matrix, and [x, y] a path-ordered gauge factor along the
straight line connecting the points x and y:

[x, y] = P exp

{

i

∫ 1

0

dτ(x− y)µ
[

gsB
µ(τx+ (1− τ)y)

+QψA
µ(τx+ (1− τ)y)

]

}

(2)

with Bµ and Aµ being the gluon and photon potentials re-
spectively, and jνem(x) = Qψψ̄(x)γ

νψ(x) is the local elec-
tromagnetic current with Qψ being the electric charge of
the quark field ψ(x). We note that the r.h.s. of eq. (1)
is really the expression for the on-shell photon-to-vacuum
transition amplitude, and it may naturally be extended to
be the definition of the photon-to-vacuum transition am-
plitude for P being space-like or time-like, namely P 2 6= 0.
In the latter case, it is convenient to define the light-like
momentum p in such a way that it coincides with P in the
limit P 2 → 0, and z · p 6= 0.

The Lorentz decomposition for the on/off-shell photon
distribution amplitudes can be carried out in a way sim-
ilar to the case of the rho meson. We may read off the
Lorentz decomposition of the on/off-shell photon distri-
bution amplitudes from the corresponding ones of the rho
meson with the difference in isospin components [23]. A
systematic Lorentz decomposition of the on- and off-shell
photon distribution amplitudes [25] up to twist four has
verified this statement up to a tiny difference in defining
the scalar coupling constant. For the chirality-violating
distributions, we have

〈0|ψ̄(z)σµν [z,−z]ψ(−z)|γ(P, λ)〉 =

if⊥γ
(

P 2
)

[

(

e
(λ)
⊥µpν − e

(λ)
⊥νpµ

)

∫ 1

0

dueiξp·zφγ⊥
(

u, P 2
)

+
(

pµzν − pνzµ
) e(λ) · z

(p · z)2
P 2

∫ 1

0

dueiξp·zh
(t)
γ‖

(

u, P 2
)

+higher twists

]

, (3)

for the quark-antiquark tensor current, and

〈0|ψ̄(z)[z,−z]ψ(−z)|γ(P, λ)〉 =

−i

(

f⊥γ
(

P 2
)

− 2fγ
(

P 2
)mq

µ

)

×
(

e(λ) · z
)

P 2

∫ 1

0

dueiξp·zh
(s)
γ‖

(

u, P 2
)

, (4)

for the quark-antiquark scalar one, where we have used
the usual assumption that the two partons, the quark and
the antiquark, carry the momentum uP and (1− u)P re-
spectively, and we use the shorthand notations ξ = 2u− 1
and µ =

√

|P 2|. The decay constants fγ and f⊥γ are de-
fined in such a way that all wave functions are normalized

according to
∫ 1

0
duφiγ(u, P

2) = 1. The wave functions h
(t)
γ‖
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and h
(s)
γ‖ receive contributions of both leading twist two

and non-leading twist three, and the twist-two contribu-
tions are related to the transverse wave function φγ⊥ by
Wandzura-Wilczek–like relations [30]

h
(t),twist two
γ‖

(

u, P 2
)

=

(2u−1)

[

∫ u

0

dv
φγ⊥
(

v, P 2
)

1− v
−

∫ 1

u

dv
φγ⊥
(

v, P 2
)

v

]

, (5)

h
(s),twist two
γ‖

(

u, P 2
)

=

2

[

ū

∫ u

0

dv
φγ⊥
(

v, P 2
)

1− v
+ u

∫ 1

u

dv
φγ⊥
(

v, P 2
)

v

]

. (6)

The detailed proof for this point is given in the appendix.

3 Sum rules for the transverse photon wave

function and its coupling constant

Now, we focus on the transverse photon wave function
at the leading twist, φγ⊥(u, P

2). Combining eq. (1) with
eq. (3), we have

i

∫

d4xe(λ)σ (P )e−iP ·x〈0|T{ψ̄(z)σµρ[z,−z]ψ(−z)j
σ
em(x)}|0〉=

if⊥γ
(

P 2
)

[

(

e
(λ)
⊥µpρ − e

(λ)
⊥ρpµ

)

∫ 1

0

dueiξp·zφγ⊥
(

u, P 2
)

+
(

pµzρ − pρzµ
) e(λ) · z

(p · z)2
P 2

∫ 1

0

dueiξp·zh
(t)
γ‖

(

u, P 2
)

+higher twists

]

, (7)

where the contributions coming from the wave functions
of twist being higher than three have been ignored. Mul-
tiplying both sides of the above equation by the photon

polarization vector e
(λ)∗
ν , and summing over the polariza-

tion indices λ, we have

Πνµρ(P ) ≡

− i

∫

d4xe−iP ·x〈0|T
{

ψ̄(z)σµρ[z,−z]ψ(−z)j
em
ν (x)

}

|0〉 =

−if⊥γ
(

P 2
)

Qψ

{[

(

gνµpρ − gνρpµ
)

+
pµzρ − pρzµ

p · z
pν

]

×

∫ 1

0

dueiξp·zφγ⊥
(

u, P 2
)

−
1

p · z

(

pµzρ − pρzµ
)

(

pν −
P 2

2p · z
zν

)

×

∫ 1

0

dueiξp·zh
(t)
γ‖

(

u, P 2
)

}

, (8)

which is consistent with eq. (31) in [22] apart from the
new Lorentz structure

pµzρ − pρzµ
p · z

pν (9)

arising from the non-vanishing virtuality P 2 and the new

contribution due to the appearance of h
(t)
γ‖(u, P

2), where,

in deriving the result, the usual formula for the polariza-
tion summation

∑

λ

e(λ)∗µ (P )e(λ)ν (P ) = −gµν +
PµPν
P 2

(10)

is used. We note that the coupling is rescaled as itself mul-
tiplied by Qψ in order to get the flavor-independent cou-

pling. Finally, eliminating the contribution of h
(t)
γ‖(u, P

2)

leads to

zµΠνµρ(P )−
zρ
p · z

Πν(P ) =

iQf⊥γ
(

P 2
)[

gνρp · z −
(

pνzρ + pρzν
)]

×

∫ 1

0

dueiξp·zφγ⊥
(

u, P 2
)

. (11)

On the other hand, we can work out the correlation
functions, Πνµρ(P ), at the leading electromagnetic cou-
pling within the effective theory derived from the instan-
ton model of the QCD vacuum

Πνµρ(P ) = iQNc

∫

d4k

(2π)4
e−i(2k−p)·z

× tr{γνSF (P − k)σµρSF (−k)}, (12)

where SF (k) is the quark propagator. Combining with
eq. (11), we obtain

φγ⊥
(

u, P 2
)

=
Nc

f⊥γ
(

P 2
)

∫

d4k

(2π)4
δ
(

k+ − up+
)

×tr

{

γνSF (P−k)

(

nµσµν−
nνn

µ

p · n
pσσµσ

)

SF (−k)

}

, (13)

where, for the sake of convenience, we have introduced
n as dimensionless light-like vector parallel to z, with
zµ = nµτ .

To evaluate the trace of the r.h.s. of eq. (13), we need
the expression of the quark propagator of the low-energy
effective theory of QCD. The instanton model of the QCD
vacuum in the large-Nc limit predicts that quarks interact
non-locally with an external meson field U through the
following low-energy effective action [16,31]:

Seff = −Nc Tr ln(i 6 ∂ + iMFUγ5F ), (14)

where
Uγ5(x) = exp(iγ5τ

aπa(x)). (15)

M is the dynamical quark mass at zero momentum, which
appears due to the spontaneous breaking of the chiral sym-
metry, and

M ≈ 350MeV (16)

and F (k) is the form factor, related to the Fourier trans-
form of the instanton zero mode [16]:

F (k) = 2y[I0(y)K1(y)− I1(y)K0(y)]− 2I1(y)K1(y) (17)
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with y = kρ/2 with 1/ρ ∼ 600MeV being the typical
inverse instanton size. Note that

F (k = 0) = 1 (18)

and the asymptotic behavior of the form factor is

F (k)→ 6/
(

k3ρ3
)

, for −k2 À ρ̄−2. (19)

The leading-order quark propagator, SF (k), in the effec-
tive theory eq. (14) with the effective quark massMF 2(k),
can be explicitly expressed as follows:
∫

d4(x− y)eik·(x−y)〈0|T
{

ψimα(x)ψ̄jmβ(y)
}

|0〉 =

iδijδmn

(

6 k +MF 2(k)

k2 −M2F 4(k) + iε

)

αβ

, (20)

where i, j are the color indices in the SUc(3) fundamental
representation, m, n are the flavor indices, and α, β the
spinor indices. Using eq. (20), a straightforward manipu-
lation leads to

φγ⊥
(

u, P 2
)

=
8iNcMp+

f⊥γ
(

P 2
)

×

∫

d4k

(2π)4
δ
(

k+ − up+
)

D(k)D(k − P )

×
[

(1− u)F 2(k) + uF 2(k − P )
]

(21)

Next, we may rewrite eq. (21) as

φγ⊥
(

u, P 2
)

= I
(

u, P 2
)

/
∫ 1

0

dωI
(

ω, P 2
)

(22)

in corporation with the wave function normalization,
where

I
(

u, P 2
)

= iMp+
∫

d4k

(2π)4
δ
(

k+ − up+
)

D(k)D(k − P )

×
[

(1− u)F 2(k) + uF 2(k − P )
]

. (23)

From the normalization condition for φγ⊥(u, P
2), we have

f⊥γ
(

P 2
)

= 8Nc

∫ 1

0

duI
(

u, P 2
)

. (24)

Equations (22) and (24) serve to be the sum rules for the
transverse light-cone wave function φγ⊥(u, P

2) and for its
coupling constant f⊥γ (P 2) to the corresponding non-local
quark-antiquark tensor current.

4 Determination of Λ for definite n in a pole

form of the instanton form factor

We recall that the form factor F (k) is derived for Eu-
clidean (i.e., space-like) momenta. To include very high
moments in order to restore the end-point behavior of the
wave functions, we would like to perform a calculation

Table 1. The corresponding Λ parameters in the pole for-
mula (25) for the form factor derived from the low-energy ef-
fective theory with n ranging from 1 to 5.

n 1 2 3 4 5

Λ(MeV) 850 1420 1800 2100 2380

Fig. 1. The form factors F (k) derived from the instanton vac-
uum model (solid line) as well as suggested with the pole forms
(dashed line for n = 1, dotted line for n = 2 and dash-dotted
line for n = 5).

within the effective action directly in the Minkowskian
space. To this end, we shall choose a pole formula for the
form factor

F (k) =

(

−Λ2

k2 − Λ2 + iε

)n

, (25)

where k is the Minkowskian momentum. In refs. [26,25],
the cutoff parameter Λ has to be chosen in a way such
that the normalization condition of the photon wave func-
tions is fulfilled. However, as stated before, the form factor
F (k) is, in fact, an intrinsic object in the low-energy ef-
fective theory, and should be independent of any hadron
or photon wave functions. Therefore, a reasonable way to
determine the value of Λ for different integer n is that the
derivation of the model pole form (25) from the theoretical
form factor (17) in the Euclidean region of the momentum
should be minimal. Our resultant values of Λ obtained in
this way are listed in table 1 for n = 1, 2, 5, the comparison
between the model pole form and the form factor derived
from the instanton model is displayed in fig. 1. The lat-
ter really shows a good agreement between two forms of
the form factor for n = 1, 2, while there is a not so-good
agreement appearing at some large Euclidean momenta
for the case of n = 5 which is also used in our numerical
simulation for the purpose of comparison.

Now turn back to the transverse photon wave func-
tion at the leading twist eq. (22). Introducing the scaled
variables

η =
P+k−

Λ2
, t =

∣

∣k⊥
∣

∣

2

Λ2
, s =

P 2

Λ2
, (26)
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after performing the integration over k+ and over the az-
imuthal angle (taking the direction of the longitudinal mo-
mentum of the photon as the polar axis), we have

I(u, P 2)=
iM

4(2π)3

∫

dt

∫ +∞

−∞

dη
(1− u)ξ2n1 ξ4n2 + uξ4n1 ξ2n2

G(ξ1)G(ξ2)
,

(27)
where

ξ1 = uη−t−1+iε′, ξ2 = −(1−u)η−t−1+(1−u)s−iε′′

(28)
and

G(z) = z4n+1 + z4n −
M2

Λ2
=

4n+1
∏

i=1

(z − zi); (29)

zi are roots of G(z) = 0.
To ensure the wave function to be real, we choose the

contour closing in the upper complex η half-plane so that

all the zeros η
(2)
i of ξ2(η) = 0 are enclosed in it, and none

of the zeros η
(1)
i of ξ1(η) = 0 are. We then complete the

contour integration over η, and obtain

I
(

u, P 2
)

=

M

4(2π)2

∫ v

0

dt

4n+1
∑

i,k

fifk

[

uz4nk z2ni + (1− u)z2nk z4ni

]

×
1

t+ 1 + uzi + (1− u)zk − u(1− u)s
, (30)

where fi is defined as

fi =

4n+1
∏

j=1,j 6=i

1

zj − zi
. (31)

In accomplishing the integration over t, we have intro-
duced an upper bound, T 2 = vΛ2, in a way as described
in ref. [24]:

φ
(

x, P 2
)

∼

∫

k2

⊥
<T 2

d2k⊥φ
(

x,k⊥, P
2
)

and the dependence of the wave function on the scale T
(above T ) is governed by the Brodsky-Lepage evolution
equation [27], and can be calculated in perturbative QCD,
while the wave function at a certain low-energy scale pro-
vides a necessary non-perturbative input for a complete
QCD investigation. Therefore, at the regularization scale
T or equivalently the dimensionless one v, we have

I
(

v, u, P 2
)

=
M

4(2π)2

4n+1
∑

i,k

fifk

[

uz4nk z2ni + ūz2nk z4ni

]

× ln

(

1 +
v

1 + uzi + ūzk − uūs

)

. (32)

The arbitrary choice of the regularization scale T or
v may bring some arbitrariness to our evaluation of the

Fig. 2. The absolute value of the partial derivative on the
transverse photon wave function, |(φγ⊥)

′
v(v, u, P

2)|, with re-
spect to v versus the value of v with n = 1 and M = 350MeV
in the cases of (u, P 2 [MeV2]) being (0.2, 0), (0.5, 0), (0.2, 2502),
(0.5, 2502), (0.2,−2502) and (0.5,−2502).

Fig. 3. The absolute value of the partial derivative on the
transverse photon wave function, |(φγ⊥)

′
v(v, u, P

2)|, with re-
spect to v versus the value of v with n = 2 and M = 350MeV
in the cases of (u, P 2 [MeV2]) being (0.2, 0), (0.5, 0), (0.2, 2502),
(0.5, 2502), (0.2,−2502) and (0.5,−2502).

coupling constant as well as of the photon wave func-
tions. An important observation is that the influence of the
choice of the value of T on the wave function φγ⊥(u, P

2)
is very weak, because such kind of influences contributes,
in a similar way, to both the numerator and denominator
of eq. (22), and thus strongly cancels. However, we have
found that the choice of the value of T has significant effect
on the determination of the coupling constant f⊥γ (P 2). To
take away this shortcoming, we should fix the regulariza-
tion scale T or find a region of T , where the influence of T
on the coupling becomes insensitive, from some physical
ground. For this purpose, our key assumption is that the
wave function φγ⊥(u, P

2) is, in fact, independent of the
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Fig. 4. The absolute value of the partial derivative on the
transverse photon wave function, |(φγ⊥)

′
v(v, u, P

2)|, with re-
spect to v versus the value of v with n = 5 and M = 350MeV
in the cases of (u, P 2 [MeV2]) being (0.2, 0), (0.5, 0), (0.2, 2502),
(0.5, 2502), (0.2,−2502) and (0.5,−2502).

Fig. 5. The absolute value of the partial derivative on the
transverse photon wave function, |(φγ⊥)

′
v(v, u, P

2)|, with re-
spect to v versus the value of v with n = 1 and M = 400MeV
in the cases of (u, P 2 [MeV2]) being (0.2, 0), (0.5, 0), (0.2, 2502),
(0.5, 2502), (0.2,−2502) and (0.5,−2502).

artificial choice of T , and so is the r.h.s. of eq. (22), i.e.

∆
(

v, u, P 2
)

≡

∫ 1

0

dωI ′v
(

v, u, P 2
)

I
(

v, ω, P 2
)

−

∫ 1

0

dωI
(

v, u, P 2
)

I ′v
(

v, ω, P 2
)

= 0, (33)

which may serve to be the condition to determine the value
of the regularization scale T or of its allowed region. The
condition (33) can be rewritten in a differential form

(φγ⊥)
′
v

(

v, u, P 2
)

=∆
(

v, u, P 2
)

/[
∫ 1

0

dωI
(

v, ω, P 2
)

]2

=0

(34)
The curves of |(φγ⊥)

′
v(v, u, P

2)| versus v for different val-
ues of u and P 2 are shown in figs. 2-7.

Fig. 6. The absolute value of the partial derivative on the
transverse photon wave function, |(φγ⊥)

′
v(v, u, P

2)|, with re-
spect to v versus the value of v with n = 2 and M = 400MeV
in the cases of (u, P 2 [MeV2]) being (0.2, 0), (0.5, 0), (0.2, 2502),
(0.5, 2502), (0.2,−2502) and (0.5,−2502).

Fig. 7. The absolute value of the partial derivative on the
transverse photon wave function, |(φγ⊥)

′
v(v, u, P

2)|, with re-
spect to v versus the value of v with n = 5 and M = 400MeV
in the cases of (u, P 2 [MeV2]) being (0.2, 0), (0.5, 0), (0.2, 2502),
(0.5, 2502), (0.2,−2502) and (0.5,−2502).

In figs. 2-7, we can see that for the case of n = 1,
T ≥ 1.1GeV, corresponding to v ≥ 1.6, may be reason-
ably good enough to get a regularization scale independent
wave function. Similarly, for the cases of n = 2 or 5, the
good choice may be v ≥ 0.9 (i.e. T ≥ 1.3GeV) or v ≥ 0.45
(i.e. T ≥ 1.6GeV).

5 Numerical simulation

As an input in the numerical simulation, the color number
Nc is taken to be the real value, three; the integer, n, which
characterizes the form factor, F (k), described in the pole
formulae eq. (25), is chosen to be 1, 2 or 5; and the mass
parameter, M , which appears as the mass scale in the
momentum-dependent quark mass, M(k) = MF 2(k), is
put to be 350MeV or 400MeV.



336 The European Physical Journal A

Fig. 8. The coupling f⊥
γ (P 2) for the case of M = 350MeV.

Fig. 9. The coupling f⊥
γ (P 2) for the case of M = 400MeV.

Table 2. The parameters f⊥
γ (0) and a of the pole form of the

coupling constant f⊥
γ (P 2) for different effective mass.

M [MeV] f⊥
γ (0) a M [MeV] f⊥

γ (0) a

350 77.1 2.54 400 79.8 2.89

For the choice of n = 1, the value of Λ is taken to
be Λ2 = 2.0ρ̄−2 ' 2.0 × 6002MeV2. The upper bound
of the transverse momentum squared, T , for the inte-
gral I(u, P 2) (or more explicitly I(v, u, P 2)), is chosen
to be 1.2GeV (i.e., v = 1.9) according to our investiga-
tion above. The corresponding coupling constant f⊥γ (P 2)
for different choices in effective quark mass, M = 350
and 400MeV, is then determined by eq. (24), and dis-
played in fig. 8 and fig. 9, respectively. In addition, we
have found that the coupling constant for momenta in the
range −(500MeV)2 < P 2 < (500MeV)2 can be well cased
in the pole form

f⊥γ
(

P 2
)

' f⊥γ (0)

(

1−
P 2

a ρ̄−2

)−1

(35)

Fig. 10. The photon wave function, φγ⊥(u, P
2), for the case

of M = 350MeV, n = 1.

Fig. 11. The photon wave function, φγ⊥(u, P
2), for the case

of M = 400MeV, n = 1.

with f⊥γ (0) and a being listed in table 2 forM = 350MeV
or 400MeV, respectively.

For cases of n > 1, it is necessary to point out that
f⊥γ (P 2) should be, in fact, independent of n, because n is
artificially introduced from the pole formula, eq. (25), for
the form factor. This consideration can be used to fix the
suitable values of the cutoff T (or v) for different n > 1.
Our results are

T = 1.3GeV, or equivalently v = 0.9, for n = 2,

T = 1.6GeV, or equivalently v = 0.45, for n = 5.

According to eqs. (22), (23), the corresponding curves
of φγ⊥(u, P

2) versus u with n = 1 or 2 or 5 and
M = 350MeV or M = 400MeV are displayed in
figs. 10-15, where the solid lines correspond to the case
of P 2 = −(500MeV)2, the dashed lines to the case of
P 2 = −(250MeV)2, the dotted line to P 2 = 0, the dash-
dotted line to P 2 = (250MeV)2, and the dash–double-
dotted line to P 2 = (500MeV)2.

Substituting eq. (22) into the Wandzura-Wilczek–like
relations, eqs. (5) and (6), the twist-two parts of the wave
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Fig. 12. The photon wave function, φγ⊥(u, P
2), for the case

of M = 350MeV, n = 2.

Fig. 13. The photon wave function, φγ⊥(u, P
2), for the case

of M = 400MeV, n = 2.

Fig. 14. The photon wave function, φγ⊥(u, P
2), for the case

of M = 350MeV, n = 5.

functions, h
(s),twist two
γ‖ and h

(t),twist two
γ‖ , have been calcu-

lated, and displayed in figs. 16-27.

Fig. 15. The photon wave function, φγ⊥(u, P
2), for the case

of M = 400MeV, n = 5.

Fig. 16. The photon wave function, h
(s),twist two

γ‖ , for the case
of M = 350MeV, n = 1.

6 Conclusion and discussion

In summary, we have computed the on-shell and off-shell
photon wave functions with odd chirality at the leading
twist in the effective low-energy theory derived from the
instanton vacuum. We note here that besides the original
Lorentz structure given in ref. [22], a new Lorentz struc-
ture (9) is found in the equivalent definition of the photon
wave functions given in eq. (8). However, it turns out that
this new term has no contribution to φ⊥γ (u, P

2). We also
note here that the momentum of the virtual photon is
not confined in the space-like region as in ref. [22], the
time-like region of the momentum is considered too. We
have worked out the explicit expression of the transverse
photon wave function, φ⊥γ (u, P

2), at the leading twist.
Then, the twist-two parts of the other two photon wave

functions, h
(s),twist two
γ‖ (u, P 2) and h

(t),twist two
γ‖ (u, P 2), are

calculated based on the Wandzura-Wilczek–like relations,
eqs. (5) and (6).

For the numerical simulation, the only input param-
eters are adopted from the parameters of that effective
low-energy theory. Therefore, the reliability of the calcu-
lated wave functions is related to approximations made in
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Fig. 17. The photon wave function, h
(s),twist two

γ‖ , for the case
of M = 400MeV, n = 1.

Fig. 18. The photon wave function, h
(s),twist two

γ‖ , for the case
of M = 350MeV, n = 2.

Fig. 19. The photon wave function, h
(s),twist two

γ‖ , for the case
of M = 400MeV, n = 2.

the instanton model of the QCD vacuum, which is based
on the diluteness of the instantons in the vacuum, namely
the smallness of the packing fraction ρ̄/R̄ = 1/3. However,
our qualitative predictions for the different behavior of the

Fig. 20. The photon wave function, h
(s),twist two

γ‖ , for the case
of M = 350MeV, n = 5.

Fig. 21. The photon wave function, h
(s),twist two

γ‖ , for the case
of M = 400MeV, n = 5.

Fig. 22. The photon wave function, h
(t),twist two

γ‖ , for the case
of M = 350MeV, n = 1.

different photon wave functions with odd chirality are un-
ambiguous at least to the leading order in ρ̄/R̄.

From figs. 8 and 9, we see that the value of the cou-
pling, f⊥γ (P 2), increases with P 2. From figs. 10-27, we can
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Fig. 23. The photon wave function, h
(t),twist two

γ‖ , for the case
of M = 400MeV, n = 1.

Fig. 24. The photon wave function, h
(t),twist two

γ‖ , for the case
of M = 350MeV, n = 2.

Fig. 25. The photon wave function, h
(t),twist two

γ‖ , for the case
of M = 400MeV, n = 2.

see that the photon wave function, φγ⊥(u, P
2), varies ap-

parently with the variation of P 2 from −(500MeV)2 to
(500MeV)2, while the twist-two part of the photon wave

function, h
(s),twist two
γ‖ (u, P 2), varies less apparently, and

Fig. 26. The photon wave function, h
(t),twist two

γ‖ , for the case
of M = 350MeV, n = 5.

Fig. 27. The photon wave function, h
(t),twist two

γ‖ , for the case
of M = 400MeV, n = 5.

h
(t),twist two
γ‖ (u, P 2), varies very little. All displayed pho-

ton wave functions are symmetric with the transforma-
tion u → 1− u; this is obviously due to the fact that the
currents associated with the corresponding photon wave
functions are symmetric under the exchange between the
quark and the antiquark fields.

Now, turn to the end-point behavior of the calculated
photon wave functions. From the curves of the photon
wave functions, we can see that

φγ⊥
(

0, P 2
)

= φγ⊥
(

1, P 2
)

6= 0, (36)

h
(t),twist two
γ‖

(

0, P 2
)

= h
(t),twist two
γ‖

(

1, P 2
)

6= 0, (37)

h
(s),twist two
γ‖

(

0, P 2
)

= h
(s),twist two
γ‖

(

1, P 2
)

= 0. (38)

The end-point behavior of the photon wave function

h
(s),twist two
γ‖ (u, P 2), i.e. eq. (38), is natural, and the

reason for that behavior can be easily traced back to
the Wandzura-Wilczek–like relation, eq. (6), according
to which eq. (38) is valid because of the finiteness of
φγ⊥(0, P

2) = φγ⊥(1, P
2) and of the pre-factors u or

1−u for the corresponding integrations. It is also obvious
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Table 3. Gegenbauer coefficients of φγ⊥(u, P
2) with n = 1 and M = 350MeV.

P 2 [MeV2] A a0 a2 a4 a6

−5002 1.51298 −0.51298 −0.01138 0.00114 0.00036
−2502 1.23719 −0.23719 −0.01027 0.00305 −0.00005

0 1.14836 −0.14836 −0.01421 0.00444 −0.00054
2502 1.06192 −0.06194 −0.02077 0.00645 −0.00159
5002 0.83034 0.16942 −0.06374 0.01727 −0.01420

Table 4. Gegenbauer coefficients of φγ⊥(u, P
2) with n = 1 and M = 400MeV.

P 2 [MeV2] A a0 a2 a4 a6

−5002 1.46901 −0.46900 −0.00879 0.00223 0.00034
−2502 1.22532 −0.22532 −0.01314 0.00524 −0.00096

0 1.14816 −0.14818 −0.01874 0.00717 −0.00232
2502 1.07430 −0.07436 −0.02716 0.00970 −0.00474
5002 0.89692 0.10249 −0.08299 0.01974 −0.03023

Table 5. Gegenbauer coefficients of φγ⊥(u, P
2) with n = 2 and M = 350MeV.

P 2 [MeV2] A a0 a2 a4 a6

−5002 1.50182 −0.50182 −0.01147 0.00188 0.00050
−2502 1.24754 −0.24753 −0.00946 0.00317 0.00045

0 1.16525 −0.16524 −0.11802 0.00391 0.00035
2502 1.08448 −0.08448 −0.01579 0.00491 0.00015
5002 0.85405 0.14594 −0.03861 0.01035 −0.00171

Table 6. Gegenbauer coefficients of φγ⊥(u, P
2) with n = 2 and M = 400MeV.

P 2 [MeV2] A a0 a2 a4 a6

−5002 1.46339 −0.46338 −0.00926 0.00352 0.00050
−2502 1.23774 −0.23773 −0.01176 0.00578 −0.00004

0 1.16550 −0.16549 −0.01523 0.00702 −0.00050
2502 1.09511 −0.09510 −0.02017 0.00859 −0.00122
5002 0.89872 0.10121 −0.04553 0.01577 −0.00651

Table 7. Gegenbauer coefficients of φγ⊥(u, P
2) with n = 5 and M = 350MeV.

P 2 [MeV2] A a0 a2 a4 a6

−5002 1.51425 −0.51424 −0.01161 0.00286 0.00056
−2502 1.26006 −0.26004 −0.00936 0.00398 0.00060

0 1.17802 −0.17801 −0.01136 0.00454 0.00057
2502 1.09754 −0.09752 −0.01483 0.00529 0.00050
5002 0.86708 0.13294 −0.03463 0.00928 −0.00026

Table 8. Gegenbauer coefficients of φγ⊥(u, P
2) with n = 5 and M = 400MeV.

P 2 [MeV2] A a0 a2 a4 a6

−5002 1.47756 −0.44753 −0.00940 0.00507 0.00052
−2502 1.25123 −0.25120 −0.01151 0.00719 0.00017

0 1.17888 −0.17886 −0.01455 0.00826 −0.00010
2502 1.10833 −0.10831 −0.01882 0.00958 −0.00053
5002 0.90949 −0.09051 −0.03975 0.01542 −0.00336
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Table 9. Gegenbauer coefficients of h
(s),twist two

γ‖ (u, P 2) with
n = 1 and M = 350MeV.

P 2 [MeV2] b2 b4 b6

−5002 0.08271 0.01633 0.00358
−2502 0.06748 0.01350 0.00292

0 0.06190 0.01263 0.00269
2502 0.05592 0.01184 0.00245
5002 0.03581 0.01007 0.00145

Table 10. Gegenbauer coefficients of h
(s),twist two

γ‖ (u, P 2) with
n = 1 and M = 400MeV.

P 2 [MeV2] b2 b4 b6

−5002 0.08069 0.01593 0.00348
−2502 0.06633 0.01351 0.00286

0 0.06108 0.01281 0.00263
2502 0.05555 0.01219 0.00237
5002 0.03633 0.01095 0.00104

Table 11. Gegenbauer coefficients of h
(s),twist two

γ‖ (u, P 2) with
n = 2 and M = 350MeV.

P 2 [MeV2] b2 b4 b6

−5002 0.08208 0.01626 0.00356
−2502 0.06819 0.01361 0.00296

0 0.06320 0.01278 0.00276
2502 0.05802 0.01198 0.00256
5002 0.04133 0.00987 0.00195

that such pre-factors are absent for the Wandzura-
Wilczek–like relation, eq. (5), of the photon wave function

h
(t),twist two
γ‖ (u, P 2), and it is thus naturally to expect that

both wave functions φγ⊥(u, P
2) and h

(t),twist two
γ‖ (u, P 2)

would have the same end-point behavior. It is noticed
that there is a common pre-factor, 2u − 1, in the r.h.s.
of the same Wandzura-Wilczek–like relation, eq. (5), of

the photon wave function h
(t),twist two
γ‖ (u, P 2); this directly

leads to the observed middle-point behavior of the wave

function h
(t),twist two
γ‖ (u, P 2), namely

h
(t),twist two
γ‖

(

u = 1/2, P 2
)

= 0. (39)

As for the end-point behavior of the wave function
φγ⊥(u, P

2), what we have obtained is in contradiction
with the sum rule result in ref. [6] (namely, not in fa-
vor of the asymptotic form when the energy scale is low,
and far from the asymptotic region of QCD), but is the
same as that in refs. [22,25] for the light-like or space-
like momentum, and similar for the time-like momentum.
Here the word “similar” means that the end-point value
of φγ⊥(u, P

2) is not only non-zero but also lower than
that in the cases of the light-like or space-like momen-
tum. The reason for the non-vanishing end-point value
of φγ⊥(u, P

2) is that the photon-quark coupling is local
while the pion-quark coupling is non-local as shown in the
effective low-energy theory that we adopted to calculate

Table 12. Gegenbauer coefficients of h
(s),twist two

γ‖ (u, P 2) with
n = 2 and M = 400MeV.

P 2 [MeV2] b2 b4 b6

−5002 0.08029 0.01560 0.00347
−2502 0.06726 0.01368 0.00292

0 0.06264 0.01299 0.00273
2502 0.05788 0.01234 0.00254
5002 0.04267 0.01071 0.00189

Table 13. Gegenbauer coefficients of h
(s),twist two

γ‖ (u, P 2) with
n = 5 and M = 350MeV.

P 2 [MeV2] b2 b4 b6

−5002 0.08275 0.01646 0.00359
−2502 0.06891 0.01380 0.00299

0 0.06399 0.01296 0.00280
2502 0.05891 0.01214 0.00261
5002 0.04272 0.00993 0.00204

Table 14. Gegenbauer coefficients of h
(s),twist two

γ‖ (u, P 2) with
n = 5 and M = 400MeV.

P 2 [MeV2] b2 b4 b6

−5002 0.08106 0.01621 0.00351
−2502 0.06806 0.01392 0.00296

0 0.06350 0.01322 0.00278
2502 0.05884 0.01255 0.00260
5002 0.04424 0.01080 0.00203

the wave functions, and thus the form factor, for example,
F (k)F (P − k), appears in the case of the pion wave func-
tion, but is absent in the case of the photon wave function
φγ⊥(u, P

2). In the opinion of the authors of ref. [12], this
end-point behavior of the transverse light-cone wave func-
tion is not conclusive, they expect that an asymptotic-like
shape would be recovered in the calculation that was made
with an explicit ultraviolet cutoff of order of the instan-
ton size. However, our explicit calculation with such cutoff
shows that the resultant end-point behavior still remains
unchanged provided that the cutoff is large enough, and
of the order of 1GeV, close to the inverse of the instanton
size.

Furthermore, we may expand the wave functions

φγ⊥(u, P
2), h

(s),twist two
γ‖ (u, P 2) and h

(t),twist two
γ‖ (u, P 2) in

the Gegenbauer polynomials for the purpose of practice:

φγ⊥
(

u, P 2
)

= A+ 6uū
∑

n=0,2,4...

anC
3/2
n (2u− 1), (40)

h
(s),twist two
γ‖

(

u, P 2
)

=6uū
∑

n=0,2,4...

bnC
3/2
n (2u−1), (41)

h
(t),twist two
γ‖

(

u, P 2
)

=

C + 6uū
∑

n=0,2,4...

cnC
1/2
n (2u− 1). (42)
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Table 15. Gegenbauer coefficients of h
(t),twist two

γ‖ (u, P 2) with n = 1 and M = 350MeV.

P 2 [MeV2] C c0 c2 c4 c6

−5002 5.42057 −4.45529 −0.73369 −0.17156 −0.02866
−2502 4.98191 −4.01030 −0.60143 −0.14091 −0.02335

0 4.82882 −3.85517 −0.55640 −0.13105 −0.02152
2502 4.67198 −3.69636 −0.51089 −0.12132 −0.01959
5002 4.16200 −3.18129 −0.36696 −0.09025 −0.01162

Table 16. Gegenbauer coefficients of h
(t),twist two

γ‖ (u, P 2) with n = 1 and M = 400MeV.

P 2 [MeV2] C c0 c2 c4 c6

−5002 5.36034 −4.39405 −0.71517 −0.16701 −0.02783
−2502 4.95776 −3.98589 −0.59516 −0.13975 −0.02286

0 4.81764 −3.84401 −0.55437 −0.13081 −0.02101
2502 4.67299 −3.69770 −0.51279 −0.12171 −0.01892
5002 4.17030 −3.19147 −0.37084 −0.08700 −0.00829

Table 17. Gegenbauer coefficients of h
(t),twist two

γ‖ (u, P 2) with n = 2 and M = 350MeV.

P 2 [MeV2] C c0 c2 c4 c6

−5002 5.40491 −4.43936 −0.72922 −0.17070 −0.02849
−2502 5.00287 −4.03149 −0.60771 −0.14246 −0.02368

0 4.86447 −3.89120 −0.56666 −0.13339 −0.02210
2502 4.72414 −3.74901 −0.52547 −0.12453 −0.02051
5002 4.29317 −3.31278 −0.40179 −0.09932 −0.01563

Table 18. Gegenbauer coefficients of h
(t),twist two

γ‖ (u, P 2) with n = 2 and M = 400MeV.

P 2 [MeV2] C c0 c2 c4 c6

−5002 5.35425 −4.38781 −0.71382 −0.16701 −0.02777
−2502 4.98648 −4.01487 −0.60386 −0.14204 −0.02335

0 4.86139 −3.88813 −0.56714 −0.13404 −0.02186
2502 4.73509 −3.76021 −0.53043 −0.12619 −0.02032
5002 4.34640 −3.36709 −0.41973 −0.10301 −0.01510

Table 19. Gegenbauer coefficients of h
(t),twist two

γ‖ (u, P 2) with n = 5 and M = 350MeV.

P 2 [MeV2] C c0 c2 c4 c6

−5002 5.42778 −4.46252 −0.73642 −0.17254 −0.02875
−2502 5.02632 −4.05522 −0.61501 −0.14431 −0.02396

0 4.88906 −3.91608 −0.57420 −0.13525 −0.02240
2502 4.75034 −3.77551 −0.53333 −0.12641 −0.02086
5002 4.32742 −3.34730 −0.41126 −0.10143 −0.01629

Table 20. Gegenbauer coefficients of h
(t),twist two

γ‖ (u, P 2) with n = 5 and M = 400MeV.

P 2 [MeV2] C c0 c2 c4 c6

−5002 5.38152 −4.41540 −0.72248 −0.16925 −0.02804
−2502 5.01399 −4.04267 −0.61252 −0.14429 −0.02367

0 4.89008 −3.91710 −0.57605 −0.13634 −0.02222
2502 4.76565 −3.79106 −0.53975 −0.12859 −0.02077
5002 4.38977 −3.41065 −0.43211 −0.10640 −0.01621
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The resultant Gegenbauer coefficients of the pho-

ton wave functions, φγ⊥(u, P
2), h

(s),twist two
γ‖ (u, P 2) and

h
(t),twist two
γ‖ (u, P 2), are shown in tables 3-20.

This work is supported by the National Natural Science Foun-
dation of China under Grant No. 10075036, BEPC National
Laboratory Project R&D and BES Collaboration Research
Foundation.

Appendix A.

In this appendix, we give a derivation of the Wandzura-
Wilczek–like relations which relate the other chirality-
violating light-cone photon wave functions to the trans-
verse one φγ⊥(u, P

2). Duo to the similarity between the
Lorentz decomposition of the photon distribution ampli-
tudes and those for the rho meson, as given in the previ-
ous section, one may conclude that there may exist sim-
ilar Wandzura-Wilczek–like relations. However, an expla-
nation for these relations to be valid should be given be-
cause such expressions are, in an essential step, derived by
using the equation of motion which is modified by the ex-
istence of the electromagnetic fields. In order to make this
point clearer, we will directly follow ref. [23] step by step,
and rewrite down the similar formulae with some patience.
First, we write the matrix elements of the operators of in-
terest in the light-cone limit x2 → 0 in terms of the photon
wave functions according to the definition of eq. (1):

〈0|ψ̄(x)σµνx
ν [x,−x]ψ(−x)|γ(P, λ)〉 =

if⊥γ
(

P 2
)

{(

e(λ)µ −
e(λ) · x

Px
Pµ

)

(Px)

×

∫ 1

0

dueiξP ·x
[

φγ⊥
(

u, P 2
)

+O
(

x2
)

]

−
e(λ) · x

Px

(

xµ −
x2

Px
Pµ

)

P 2

×

∫ 1

0

dueiξP ·x
[

h
(t)
γ‖

(

u, P 2
)

− φγ⊥
(

u, P 2
)

]

}

, (A.1)

〈0|ψ̄(x)[x,−x]ψ(−x)|γ(P, λ)〉 =

−i

(

f⊥γ
(

P 2
)

− fγ
(

P 2
)2mψµ

P 2

)

(

e(λ) · x
)

P 2

×

∫ 1

0

dueiξP ·x
[

h
(s)
γ‖

(

u, P 2
)

+O
(

x2
)

]

(A.2)

and

〈0|ψ̄(x)/x[x,−x]ψ(−x)|γ(P, λ)〉 =

fγ(P
2)µe(λ) ·x

∫ 1

0

dueiξP ·x
[

φγ‖(u, P
2)+O

(

x2
)]

(A.3)

based on the Lorentz covariance. Then, we need to use the
following exact operator identities between the non-local

operators:

∂

∂xµ

{

ψ̄(x)σµνx
ν [x,−x]ψ(−x)

}

=

i

∫ 1

−1

dvvψ̄(x)xασαβ [x, vx]x
µgGµβ(vx)[vx,−x]ψ(−x)

+i

∫ 1

−1

dvvψ̄(x)xασαβ [x, vx]x
µeψFµβ(vx)[vx,−x]ψ(−x)

−ixβ∂β
{

ψ̄(x)[x,−x]ψ(−x)
}

(A.4)

and

ψ̄(x)[x,−x]ψ(−x)− ψ̄(0)ψ(0) =
∫ 1

0

dt

∫ t

−t

dvψ̄(tx)xασαβ [tx, vx]x
µg

×Gµβ(vx)[vx,−tx]ψ(−tx)

+

∫ 1

0

dt

∫ t

−t

dvψ̄(tx)xασαβ [tx, vx]x
µQψ

×Fµβ(vx)[vx,−tx]ψ(−tx)

+i

∫ 1

0

dt∂α
{

ψ̄(tx)σαβx
β [tx,−tx]ψ(−tx)

}

+2imψ

∫ 1

0

dtψ̄(tx)/x[tx,−tx]ψ(−tx), (A.5)

where ∂µ{} denotes the derivative over the total transla-
tion defined by eq. (3.3) in ref. [23]. We note that the only
difference between the similar formulae here and those
in [23] is the appearance of terms involving the electromag-
netic field strength Fµβ(vx), because there is an additional
term in the commutator: [Dµ, Dν ] = −igGµν − iQFµν in
consideration of the electromagnetic interactions.

Sandwiching eqs. (A.4) and (A.5) between the vacuum
and the photon state, and setting x = z, we obtain a
system of integral equations:

−i(p · z)

∫ 1

0

dueiξp·zξh
(t)
γ‖

(

u, P 2
)

−2

∫ 1

0

dueiξp·z
[

h
(t)
γ‖

(

u, P 2
)

− φγ⊥
(

u, P 2
)

]

=

ξ⊥3γ
(

P 2
)

(p · z)2
∫ 1

−1

dvvTγ(v, p, z)

+
[

1− %
(

P 2
)]

(p · z)2
∫ 1

0

dueiξp·zh
(s)
γ‖

(

u, P 2
)

, (A.6)

[

1− %
(

P 2
)]

∫ 1

0

dueiξp·zh
(s)
γ‖

(

u, P 2
)

=

iξ⊥3γ
(

P 2
)

(p · z)

∫ 1

0

tdt

∫ 1

−1

dvTγ(v, tp, z)

+

∫ 1

0

dt

∫ 1

0

dueiξtp·zh
(t)
γ‖

(

u, P 2
)

− %
(

P 2
)

∫ 1

0

dt

∫ 1

0

dueiξtp·zφγ‖
(

u, P 2
)

(A.7)
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with

%
(

P 2
)

=
2fγ
(

P 2
)

mψ

f⊥γ
(

P 2
)

µ
, ξ⊥3γ

(

P 2
)

=
f⊥3γ
(

P 2
)

µ

f⊥γ
(

P 2
)

P 2
. (A.8)

We note that

(

e(λ) · z
)

(p · z)f⊥3γ
(

P 2
)

µ

∫ 1

−1

dvvTγ(v, p, z) =

∫ 1

−1

dvv〈0|ψ̄(z)zασαβ [z, vz]z
αgGµβ(vz)[zx,−z]

×ψ(−z)|γ(P, λ)〉+Qψ

∫ 1

−1

dvv〈0|ψ̄(z)zασαβ [z, vz]z
α

×Fµβ(vz)[zx,−z]ψ(−z)|γ(P, λ)〉, (A.9)

where the last term in the r.h.s. vanishes because

〈0|ψ̄(z)σαβ [z, vz]Fµρ(vz)[zx,−z]ψ(−z)|γ(P, λ)〉 =

i

∫

d4xe(λ)ν e−iP ·x〈0|T
{

ψ̄(z)σαβ [z, vz]Fµρ(vz)[zx,−z] ,

ψ(−z)jνem(x)
}

|0〉 =

〈0|ψ̄(z)σαβ [z, vz]Fµρ(vz)[zx,−z]ψ(−z)|0〉F =0 (A.10)

with the understanding for 〈0|O(z)|γ(P, λ)〉 being de-
scribed in eq. (1), and 〈0|O(z)|0〉F the vacuum expecta-
tion value of the operator O(z) in the external electromag-
netic background fields. Therefore, eqs. (6) and (7) are, in
fact, the same as eqs. (3.6) and (3.7) in [23]. Then, it is
obvious that the same consequence as in [23] can be ob-
tained in the same straightforward way. In particular, the

wave functions h
(t)
γ‖ and h

(s)
γ‖ receive contributions of both

leading-twist two and non-leading twist three, and the
twist-two contributions are related to the transverse distri-
bution φγ⊥ by Wandzura-Wilczek–like relations, eqs. (5)
and (6) [30].
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